This paper gives an overview of the results of [Ill. Furthermore it contains some previously unpublished material concerning the homogeneous chain carrying a load, see equation (13). In [ll] the flatness 13, 41 of heavy chain systems, i.e. trolleys carrying a fixed length heavy chain that may carry a load, is addressed in the partial derivatives equations framework. We parameterize the system trajectories by the trajectories of its free end and solve the motion planning problem, namely steering from one state to another state. When considered as a finite set of small pendulums these systems were s h a m to be flat in [IO]. Our study is an extension to the infinite dimensional case.
Introduction
The notion offlatness [3, 4] has proven to be relevant in many problems where motion planning problems have been solved [9, 51. The existence of a fiat output is the key to explicit formulas that can be implemented as open-loop controllers.
The heavy chain systems under consideration in this paper axe defined by a trolley carrying a fixed length heavy chain to which a load may be attached. The dynamics are studied in a fixed vertical plane. When approximat.ed as a finite set of small pendulums, such heavy chain systems were shown to be flat (see [IO] ). Their trajectories can be explicitly parameterized by the trajectories of their free ends. These parameterizations involve numerous derivatives, (twice as many as the number of pendulums). When this number goes to infinity, the derivative order goes to infinity as well, yielding series expansions. This makes these relations 
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difficult to handle and to use in practice In order to overcome these difficulties, we consider infinite dimensional descriptions of heavy chains systems. Around the stable vertical steady-state and under the small angle assumption, the dynamics are described by second order ordinary different.ial equations (dynamics of the load at position y ( t ) ) coupled with 1D wave equations (dynamics of the chain X ( x , t ) ) where waves speed depends on x , the spatial variable along the chain length.
This combined ordinary and partial differential equation description turns out to be a significant shortcut to an explicit motion planning formula. Instead of an infinite number of derivatives, the explicit parameterization of the trajectories involves a small number of both distributed and punctual advances and delays. The controllability of such hybrid systems could be analyzed via Hilbert's uniqueness method [7i 81, as done in [6] . The work presented here is also a constructive proof of the controllability of these systems in the sense that it provides the open-loop control for steering the system from any given state to any other state. In a real application it should be used as a feed-forward term complemented by a closed-loop controller using the energy method as proposed in [2] .
In the case of a single homogeneous heavy chain as d e picted in figure 1 (see section 2 for details), our explicit parameterization shows that the general solution of a ax a2x
ax ax at= is given, by the following integral
where t H y ( t ) is any smooth enough time function: X ( 0 , t ) = y(t) corresponds then to the free end position; the control u(t) = X ( L , t ) is the trolley position.
For the general cases, we have shown in [ll] that r e lationship similar to (I) exist. They axe expressed by equations (8) and (IO) included here for convenience.
The structure is similar but the moving averages involve kernels depending on the mass distribution. More precisely, given any mass distribution along the chain and any punctual mass at x = 0, we prove that there is a one to one correspondence between the trajectory We recall here the results for this general case and refer t o [Ill for proofs and details. Furthermore we give in the last section of this paper some previously unpublished material: analytical solutions for the homogeneous cable carrying a load which is a caSe of engineering interest. we have
In terms of Laplace transforms: this last expression is a combination of delay operators. Turning (4) hack into the time-domain we get
with y ( t ) = X ( 0 , t )
Relation (5) means that there is a one t o one correspondence between the (smooth) solutions of (2) and Consider a heavy chain in stable position as depicted in figure 1. Under the small angle approximation it is 
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to obtain a solution of (2).
Finding t Y u ( t ) steering the system from the steadystate X = 0 at t = 0 to the other one X = D at t = T becomes obvious. Our analysis shows that T must be larger than 2A where A = 2 m is the travelling time finding t -y ( t ) that is equal to 0 for t < A and to D for t > T -A and in computing U via (6). Regularly time-spaced positions of the heavy chain system are represented. The Matlab simulation code can be obtained from the second author via email.
The inhomogeneous (i.e. variable section) chain without any load
Formulas (5) can be extended t o an heavy chain with variable section and carrying no load (see figure 4) .
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Figure 4:
The inhomogeneous chain without or with load.
Such an extension deserves special consideration because of the singularity of the partial differential system at z = 0.
Such a system is governed by the following equations The proof of this result is given in [ll] . It is organized as follows The system of figure 4 consists of an heavy chain with a variable section carrying a punctual load rn. Small deviations X(x, t) -u(t) from bhe vertical position are described by the following partial differential system
where U is the control. The tension in the chain writes Correspondence (IO) defines a family of linear operators A, with compact support such that, for any C3 time function, X(z, t ) = d,yj, is automatically solution of (11) with u(t) = X(L,t) and X(0,t) = y(t).
The proof of this result is given in [ll] . It is different from the case without any load. The key issue is that one has to deal with the extra boundary condition Voiterra expansions before the Paley-Wiener theorem.
To overcome this, one has to use 5 The homogeneous chain with punctual load In the particular case of an homogeneous mass disstribution we are able to give explicit formulas for the mw tion planning problem using Bessel functions. Consider a trolley carrying an homogeneous chain and a punctual load a?x ax
-(0,t)
where U is the control. The homogeneous mass distribution is normalized to 1 by unit of length and so the coefficient a stands for the mass of the load.
As in section 2, we use the mapping z = 2 t s e after a Laplace transform to get as before (13) This is how the state of the system writes in terms of the flat output y and its first two time derivatives using distributed delays.
Conclusion
We have shown that, around the stable vertical position, heavy chain systems with or without load, with constant or variable section are ,'flat": the trajectories of these systems are parameterizable by the trajectories of their free ends. Relations ( 5 ) , (S), (10) show that such parameterizations involve operators of compact supports.
It is surprising that such parameterizations can also be applied around the inverse and unstable vertical position. For the homogeneous heavy chain, we just have to replace g by -9 to obtain a family of smooth solutions by the following integral y ( t + 2 i m s i n 0 ) do, parameterization can still be used to solve the motion planning problem in spite of the fact that the Cauchy problem associated to this elliptic equation is not wellposed in the s e a of Hadamard.
